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"For many young scientists the future 
is more important than the past and the history 
of science begins tomorrow. Nowadays, 
many facts and theoretical views are gloriously 
discovered which were known a long time ago. 
It has seemed, therefore, desirable to credit 
early workers for their achievements and also 
to spare unnecessary efforts directed to later 
rediscoveries. . Moreover, it is interesting to 
know how phenomena were discovered, how the 
problems were born, attacked and solved, and 
how and why our ideas have evolved. The danger 
of parachuting young enthusiastic scientists 
into a flower bed of selected data and fully 
bloomed conceptions should not be underestimated..." 





Much of the work being done in bacterial physiology 
today was not originally undertaken with any intense desire 
to learn more only about the particular organism under 
investigation. Although the literature abounds with 
reports on the subject, it would be difficult to conceive 
of a generation of biologists intent on one ultimate goal -
to find out how Escherichia coli functions. Actually 
almost every such investigator is guided by the assumption 
that the bacterium, as a living cell, can be treated as a 
representative of this entire functional class. The 
validity of this assumption in the study of intermediary 
metabolism and of the molecular basis of heredity has 
encouraged its application in other areas. The comparative 
ease with which microbial test systems can be experimentally 
controlled has further encouraged their use as a general 
tool in cellular physiology. 
In the study of growth kinetics, workers have observed 
that the quantitative relationships used to express patterns 
of growth in microbial populations are quits similar to 
those observed for the growth of more complex forms. This has 
led to speculation concerning possible similarities in the 
mechanisms controlling rates of growth in the two systems. 
There is some experimental evidence in support of this 
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point of view. Thus it does not seem unreasonable to 
justify the study of growth kinetics in microbial 
populations on the assumption that such an analogy exists. 
Although there has not been universal acceptance of a 
single analytical expression for representing observed 
growth patterns, the necessity for such expressions in the 
comparative study of growth phenomena is generally conceded. 
Kinetics is, after all, a quantitative science. However, 
it should be recognized that the use of mathematics in the 
study of growth is only a technique, and not an end in 
itself. Unless the analytical expressions employed can 
assist in bringing to light the mechanisms involved in the 
control of growth, there is little justification for their 
use. The biologist, to whom cellular growth mechanisms will 
have the clearest meaning, would not be expected to be an 
accomplished mathematician. If a mathematical model of 
growth, or its theoretical foundation, if any, cannot be 
made clear to this biologist, it is of little value. On 
the other hand, the biologist must recognize that the use of 
mathematics in the study of growth is not only unavoidable, 
but desirable. An understanding of growth kinetics is 
essential to an understanding of the underlying mechanisms 
responsible for the observed behavior. The work reported 
in this thesis was approached from this point of view. 
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LITERATURE REVIEW 
Some of the earliest workers in bacteriology discovered 
that the rate of multiplication is a readily measurable 
property of a microbial population. It was also noted that 
this property is not perfectly stable, but is dependent 
upon certain physiological and environmental factors, A 
number of early investigators reported effects of temperature 
on the rate of growth, and a lag In the rate of increase 
following inoculation was noted frequently. Although 
earlier observers found that a plot of the logarithm of 
the population as a function of time of incubation gave a 
characteristic curve, Lane-Claypon (1909) was apparently 
the first to suggest a subdivision of this "growth curve" 
into phases. She defined four distinct phases of growth 
corresponding to the observed linear portions of the growth 
curve, that is, an initial period of no growth, a period of 
exponential growth, a period of constant maximum population 
and a period of decline. Later Buchanan (1918) added three 
phases, connecting these straight-line portions with curves 
to give a more realistic representation of observed phenomena. 
Fragmentation of the growth curve into separate phases 
allows more discerning discussion of patterns of growth 
and it has thus been used to advantage for many years. 
However, it has the disadvantage of making what is essentially 
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a continuous process appear to be quite discontinuous. It 
should be recognized that this separation into phases is 
intended only as an aid to communication and not as a 
definition of boundaries at which gross changes occur in 
the metabolic patterns of the population represented. 
Beginning with the earliest recognition of the 
characteristic sigmoid shape of the growth curve, attempts 
have been made to represent the nature of the curve in an 
analytical expression. Since that time the subject has 
been approached from a number of different points of view, 
providing a variety of mathematical relationships. In a 
brief review of this topic Monod (1942) classified these 
approaches into several categories, defined as: a) empirical 
relationships or those expressions which are presented 
because they happen to fit the observed data rather than to 
express any hypothesis concerning the nature of the factors 
that control growth; b) mechanistic theories in which an 
expression representing a known physical process is fitted 
to observed growth data in the hope of demonstrating the 
implication of that process or a similar type of process 
in the growth of the population; c) physiological theories 
in which analytical expressions are derived on the basis 
of physiological mechanisms known or believed to control 
growth. 
There has been little agreement on the definition of 
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terms used in the study of growth kinetics. In the past 
half century there have been almost as many definitions as 
investigators. To eliminate confusion here it will be 
necessary to adopt a single set of these definitions. When­
ever possible, the terms employed will be those in most 
common use today. Terms will be defined as they come into 
use in the text and a resume will be provided in the 
Appendix. 
In the normal growth of a microbial population the 
cellular growth rate, R, is observed to increase from zero 
at the time of inoculation, to a maximum, Rm, and eventually 
decrease again to zero. This can be expressed by the 
equation 
dN/dt = RN, (1) 
where N is the size of the population at any time t and Rffl 
is the value of R during the phase of exponential growth. 
Growth rate is usually expressed in generations per hour, 
population in cells per unit volume and time in hours. 
This differential equation is said to express "the law of 
growth." Most, but not all, of the analytical expressions 
which have been suggested are of the form of equation (1), 
with some appropriate function substituted for R to give 
the desired change in the cellular rate of growth. Thus, 
for the most part the problem has become one of the 
selection or derivation of a function that correctly 
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represents the nature of this change in the growth rate 
during the growth of the population. 
Most of the relationships which have been proposed 
represent only a portion of the growth curve. Of these 
the majority have been devoted either to early growth, 
the lag phase only, or they have considered only the later 
phases - growth without lag. Several different approaches 
have been used in each of these areas. 
Many of the differences in the expressions presented 
to represent early growth have been the result of differences 
in the definition of what constitutes the lag phase and how 
to measure its extent. According to Monod (191+2) the most 
commonly accepted definition of the latent period or lag 
phase is the period of time from inoculation to the "moment" 
when the maximum rate of growth is established. However, no 
one has yet been able to locate this instant in time. 
Indeed, if such a point actually exists, experimental data 
are virtually never sufficiently accurate to allow it to be 
defined. So, although this qualitative description has been 
quite universally accepted, it has been of little use to 
those who have wished to describe the nature of early growth 
by means of an analytical expression. 
Coplans (1910) was the first to present a definition 
of the lag period in terms that could be quantitatively 
expressed. He proposed a measure of "restraint of growth" 
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which represented the difference, in generations, between 
the size of a logarithmically growing population and the 
size it would have at the same instant, had it begun 
growing initially at its maximal rate. This can be shown 
numerically as 
AG = R^t^ - G1# (2) 
where AG is the restraint of growth in generations and G^ 
is the measured increase in generations t^ hours after 
inoculation. 
The measure of lag used by Ingraham (1933) was the 
time required for the population to reach visible turbidity. 
The disadvantage in the use of this measure is pointed out 
in the work of Harrington (1935)» who used Ingraham * s data 
to show that "the length of the lag period is a linear 
function of the logarithm of the inoculation." However, 
it can be shown that the time required for any culture to 
reach a given level, growing at a constant cellular rate 
without lag, will be proportional to the logarithm of the 
initial population. Thus, because of the extended periods 
of time involved, the actual lag period in the growth of 
the population was an insignificant fraction of the total 
time used here to measure the "lag." 
The measure of lag in most common use today is that 
proposed by Hinshelwood (1946). This is defined as the 
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difference between the time required for a logarithmically 
growing culture to reach a given population and the time it 
would require to reach the same population had it begun 
growing initially at its maximal rate. The expression 
for Hinshelwood's lag time is 
AG' 
L = t2 , (3) 
«m 
where L is the lag time in hours, AG' is the number of 
generations increase in a specified time interval during 
logarithmic growth and tg is the time at the end of that 
interval. It is interesting to note that this is, in 
effect, identical to the "restraint of growth" proposed by 
Coplans (1910). Geometrically, each worker has identified 
a different leg of the same right triangle. 
A number of investigators have found the lag measure­
ment of Einshelwood to be Inadequate for use in certain 
circumstances. Because this measure is dependent upon the 
rate of exponential growth, it is possible for two 
cultures to be different in lag characteristics but, because 
they are also different in maximum growth rate, still give 
the same lag time by this method. To meet this objection, 
a modification was suggested by Squires and Hartsell (1955) 
but their measure was shown by Finn (1955) to be geomet­
rically equivalent to that of Hinshelwood. It is, in fact, 
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identical to Coplan's "restraint of growth." Generation 
lag, proposed by Lockhart (i960), is the measure of the 
time required for the first doubling of the inoculum. 
This measure eliminates the dependence on and was shown 
to be of use in some experimental situations. There is, 
of course, no physiological significance in this definition. 
Generation lag, like "restraint of growth" and Hinshelwood's 
lag, is merely a convenience used to estimate the duration 
of pre-exponential growth. 
The first empirical relationship presented to represent 
the lag phase was that of Leddingham and Penfold (19ll+). 
Their general expression is 
log N - k1tn + log N0, (4) 
where k^ and n are constants and N0 is the inoculum 
population. This equation is not of the form shown in 
equation (1). Thus, the authors have made no attempt to 
associate the lag phase with the subsequent growth of the 
population, that is, the phase of exponential growth. 
Although this does not preclude its use as an empirical 
expression, the portion of the curve to which it can be 
made to apply will certainly be limited. This point was 
nicely illustrated by Gray (1928). 
Penf old ( I91I+) presented a number of possible expla­
nations for the physiological basis of the lag phenomenon, 
and suggested as the most reasonable explanation a sequential 
10 
process In the synthesis of bacterial protoplasm. This 
hypothesis suggests the necessity for accumulation of one 
or more biochemical intermediates to certain minimum levels 
before the synthetic reactions can proceed, giving a lag in 
the over-all synthetic process. 
Prompted by the observation that cells from older 
cultures, in general, give rise to a longer lag than do 
those from younger cultures, Chesney (1916) suggested a 
theory for the occurrence of lag based on the assumption 
that the cells are injured by exposure to their own meta­
bolic by-products. The length of the lag upon subculture 
is considered to be an indication of the extent of this 
injury. Experimentally this theory would be difficult 
either to prove or to disprove. 
Walker (1932) suggested the implication of carbon 
dioxide in the lag phase of bacterial growth. He proposed 
that the lag may be the time necessary to build up the 
carbon dioxide content of the cells or the medium to a 
level essential for continuing growth. We could, of 
course, implicate in the lag period almost every essential 
nutrient or biochemical intermediate by limiting its supply 
during early growth. To say with assurance that the 
limited availability of any given one is solely, or even 
largely, responsible for the lag would require considerably 
more experimental evidence than is presently available. 
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ïhe general subject of the early phases of growth in 
bacterial populations has been reviewed in detail by 
Winslow and Walker (1939)» 
The first physiological theory of lag formulated into 
an analytical expression was presented by Buchanan (1918). 
He defined lag as the time required for all the cells in 
the population to "germinate," where the time of "germina­
tion" is the instant the cell divides to form two. By 
postulating a distribution function for the number of cells 
"germinating" in any time interval, he derived an involved 
equation which defied integration. The conclusion drawn as 
a result of this theoretical work was that the relationship 
between the cellular growth rate and time during the lag 
period "is quite complex." 
The lag relationship presented by Hershey (1939b) was 
based on earlier observations (1938, 1939a) indicating that 
the lag is merely a period of increase in cell size and 
that there is actually no such delay in the rate of increase 
of mass. He proposed a change in name of the lag phase to 
the "phase of cell enlargement" and, for the logarithmic 
growth phase, the "phase of rapid cell division." He 
suggested that the lag in rate of division must be the 
result of changes in the factors limiting the size at which 
fission occurs during growth and, on this basis, presented 
a mathematical model for the length of the lag in bacterial 
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populations. In this model the latent period, or lag, is 
defined as the time necessary for the average cell to 
increase in size to a maximum, when it is assumed to under­
go division. It is further assumed that there will be at 
all times a distribution of cell sizes, with the average 
cell size 3/4 the maximum. Finally it is assumed that the 
rate of increase in mass is constant from inoculation. 
From these assumptions an expression is derived, giving the 
length of the lag as a function of the maximum growth rate, 
the average cell size and the initial cell size. 
Obviously this model would be of limited use even if 
all the assumptions prove valid. The experimental para­
meters involving sizes of cells would be virtually impossible 
to control. Thus, the expression would have little value 
either in describing the nature of the curve for purposes 
of comparison or in predicting the nature of the curve to 
prove the validity of the original hypotheses. In addition, 
at least one of these assumptions, the absence of lag in 
the rate of mass increase, is subject to question. Even 
Monod (I9I+2), who considered the lag to be an "incidental 
phenomenon," showed that a lag phase is quite common even 
when mass is used as the growth parameter. 
A number of early investigators observed effects of 
the age of the parent culture and the size of the inoculum 
on the length of the lag. Penfold (1914) reviewed the 
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earliest reports of both of these phenomena and, as was 
mentioned earlier, Chesney (1916) used the former as the 
basis for his "injury" theory for the cause of the lag. 
Robertson (1921a, 1921b, 1922) repeatedly observed the 
influence of inoculum size and found, in addition, that 
bacterial culture filtrates greatly reduced the length of 
the lag in populations of isolated protozoans. He postulated 
the existence of a stimulatory product produced by the 
growth of the bacteria and used this as a basis for his 
theory of "allelocatalysis 
In recent times reports of the influence of the size 
of the inoculum on the length o.' the lag have been frequent. 
Mueller (1939) reported the effect in Corynebacterium, 
Peeler et al. (1951) in Lactobacillus. Wade (1952) in 
Escherichia, Taylor (1954) in yeast and Nabbut and Lankford 
(i960) in Bacillus. Many of thyse workers demonstrated the 
participation of a diffusible, auto-stimulatory cell product 
in this phenomenon, but there has been little agreement on 
the identifying characteristics of such a substance. 
The most extensive work on the effects of the age of 
the parent culture and the size of the inoculum has been 
that of Lodge and Hinshelwood (1943)° These investigators 
established the general nature of the "lag-age" relationship, 
in which the length of the lag is seen to increase, except 
with very young parent cultures, as the parent culture ages. 
Pour possible factors were suggested in explanation of this 
phenomenon: a) decomposition of biochemical intermediates 
in the cell or in the medium; b) loss of intracellular 
intermediates by diffusion; c) loss of enzyme activity by 
denaturation or other process ; d) saturation of "free 
radical-ends of macromolecules," eliminating the possibility 
of "further expansion." It may be true that one or more of 
these factors is involved, but such explanations are actually 
little more than restatements of the problem. They suggest 
that something, essential for maximal rate of growth, is 
present in insufficient quantity at the time of inoculation, 
but they say nothing about the physiological events that 
occur within the cell to create these conditions. 
These workers also established, quite conclusively, the 
implication of a diffusible cell product in the lag phenom­
enon. They demonstrated that the length of the lag is 
greatly reduced if the cells are cultivated in a medium 
supplemented with culture filtrates from the growth of 
cells of the same strain. They suggested the existence of 
a diffusible lag-removing substance, produced by the cells 
and contributed to a common store in the medium. Before 
the cells can make use of this substance for reproduction, 
it is necessary for it to accumulate to a certain con­
centration in the medium. This would account for the 
observed increase in the length of the lag with decreased 
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Inoculum size. This theory was used by Lodge and 
Hinshelwood to develop a mathematical model for deter­
mining the length of the lag period. They considered three 
sources of the active substance in a newly inoculated 
culture: a) in the medium transferred with the inoculum, 
which was assumed to be a function of the age of the parent 
culture; b) produced and retained within the cells; c) 
produced and extruded into the medium. It was assumed that 
the cellular rates of production for both retention and 
extrusion are constant, though not necessarily the same. 
It was further assumed that, when the cellular concentration 
of the substance reaches a critical value, the lag will be 
terminated* The final expression is 
kPS« - k,V 
L = — 2_, (5) 
No - % 
where L is the length of the lag, S' is the critical con­
centration of the active substance, V is the volume of 
inoculum transferred, NQ is the inoculum population and 
k2» kj and k^ are constants. Equation (5) shows the length 
of the lag to be an inverse function of the inoculum 
population, with all other factors constant. This is in 
line with experimental observations. However, the authors 
would be justified in deriving this equation only if it can 
be shown to be of value either for representing lag data for 
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comparative purposes or for predicting the nature of the 
lag curve to establish the validity of the original 
assumptions. The expression has too many non-controllable 
experimental parameters for it to be of use in comparing 
the effects of this phenomenon in different strains, and 
it cannot possibly be used to test the validity of the 
hypothesis since it does not represent, even closely, the 
true nature of the curve. 
This theory of a diffusible metabolic intermediate was 
also used by Held (1951, 1953a) to derive mathematical 
models for early growth. In this case the assumptions pro­
posed are quite unrealistic in terms of actually observed 
physiological phenomena. The mathematics are complex. If 
the resultant expressions were found to be of value in 
proving the validity of the hypothesis, it is doubtful that 
the biologist could make any constructive use of the 
original assumptions. This is an excellent example of an 
approach to biology in which the role of the biologist is 
completely eliminated from consideration. 
Although mathematical analysis of growth without lag 
has been approached from many different points of view, the 
logistic equation has often been the common result. This 
equation was proposed as an empirical relationship in the 
middle of the last century and used at that time for the 
expression of the growth of human populations, but apparently 
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it was not suggested for use with microbial populations 
until the work of Pearl (1925)» The general form of this 
equation is 
dN/dt s (k^ - k6N)N, (6) 
where k^ and k^ are constants. In this expression the 
function for the change in the cellular growth rate is a 
decreasing linear function of the population. Since the 
expression does not allow for a period_ of lag, its 
application is limited. However, as will be shown later 
in the work of M'Xendrick and Pai (1911), there are certain 
experimental situations in which such an expression can be 
made to apply, and some workers have used it quite success­
fully in routine estimations of growth levels. It must be 
remembered, though, that this, like the separation of the 
growth curve into phases, is a convenience and not a 
suggestion of actual physiological events. The constants 
in an empirical expression provide no insight into the 
actual factors controlling rates of growth. This point 
was brought out well by Kavanaugh and Richards (1934) who 
showed that the hyperbolic tangent could be substituted for 
the logistic with comparable results. For an excellent 
consideration of the use and limitations of empirical 
relationships in growth kinetics, see Gray (I928). 
Although the resultant equation is identical to the 
logistic, the work of Robertson (1923) must be included 
18 
among the mechanistic theories, because the mathematical 
expressions derived were based on the assumption that the 
"master reaction" controlling the rate of growth is an 
"autocatayltic-monomolecular" reaction. Thus, this author 
has suggested the implication of a particular type of 
chemical reaction in the control of growth. The result 
is an expression identical to equation (6), which has been 
applied by Robertson to the growth of both metazoans and 
microorganisms. 
In this case the mathematical relationship presented 
does have a theoretical foundation. If the expression is 
to have any use beyond that of the "empirical" logistic 
equation, it must be in the proof of the validity of this 
theory. If the theory is valid, it will be possible to 
predict, by means of the expression, the growth of a 
population under the conditions specified in the original 
assumptions. However, the author applied no restrictive 
conditions; he assumed the theory to be universal. Yet 
the equation he presented does not allow for a lag period. 
This inconsistency is particularly apparent when one con­
siders that Robertson was one of the pioneers in the study 
of lag phenomena. On this basis it can be said that 
Robertson's universal theory of autocatalysis is subject 
to question. 
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The first physiological theory of later growth was 
presented by M'Kendrick and Pai (1911). Although the 
resultant expression was again identical to the logistic, 
the approach was somewhat more valid than those mentioned 
previously. These workers recognized the existence of a 
lag period but, since they did not feel that this con­
stituted the simplest experimental system, they sought to 
establish experimental conditions in which the lag would be 
eliminated. They did this by manipulating the age and the 
size of the inoculum. Then they postulated that the 
cellular rate of growth is a direct linear function of the 
concentration of the nutrient in the medium and that cell 
production is proportional to nutrient utilization. Thus, 
the rate of growth is a decreasing linear function of the 
population, and the result is the logistic equation. How­
ever, this result is somewhat different from previous con­
siderations of the same equation. In this case conditions 
were specifically defined to allow only for growth without 
lag, which is the type of curve represented by the logistic. 
Since the authors were interested only in deriving an 
empirical expression for certain practical applications no 
attempt was made to use it to prove the validity of the 
original theory. However, it could have been so used with 
more justification than any other expression considered 
thus far. 
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Browning e_t al. (1952) used several general assumptions 
concerning the utilization of a limiting nutrient by the 
cells and applied an abundance of chemical kinetics to 
derive mathematical models for the growth of protozoa. 
In addition to the logistic equation, they presented several 
formidable expressions based on higher order kinetics. The 
use of all but the logistic was admitted by the authors to 
be quite laborious. These workers have suggested that the 
probable accuracy of the relationships is reflected in their 
universal applicability. They point out that the expressions 
apply equally well to bacteria, protozoa, fish, human babies 
and passenger automobile registration. It is suggested 
here, however, that this is proof of inaccuracy rather than 
accuracy, for universal application is almost always made 
at the expense of specificity. Only if there is reason to 
believe that the underlying mechanisms are identical can a 
universal expression be applied equally well to two dif­
ferent specific cases, and this could hardly be assumed for 
human babies and passenger automobile registration. 
Another physiological theory for later growth was 
presented by Hinshelwood (194M and was used by Reid 
(1953b) to derive an analytical expression. Hinshelwood 
has suggested that toxic products are important in con­
trolling growth rates in microbial populations. He proposed 
a linear relationship between the decrease in growth rate 
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and the concentration of inhibitors produced by the cells, 
giving the following equation: 
dN/dt = iyr(l - ty), (7) 
where ky is a constant and c is the concentration of 
inhibitor. This inhibitor was assumed to be produced by 
each cell at a constant rate, so c is a cumulative function 
of the population. This expression is similar fco the 
logistic In that the cellular rate of growth is a decreasing 
function of the population, but in this case it is not 
linear. The solution, presented by Reid, is highly mathe­
matical. For this theory to have any validity it must be 
true that the accumulation of auto-inhibitory cell products 
is the primary factor controlling rates of growth in post-
lag populations. However, a number of investigators have 
cast doubt on the primary implication of such toxic products 
(Cleary e_t al. 1935; Monod, 19^2; Lockhart and Rowels on, 
1953)• Thus the validity of this theory is questioned. 
The most notable physiological theory of post-lag 
growth was presented by Monod (1942). He based his 
assumptions on sound experimental observations, used 
rational approximations and derived a managable analytical 
expression using relatively simple mathematics. The 
foundation of Monod's theory was two of his own experi­
mental observations. The first was that the amount of 
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cell material formed is a linear function of the amount of 
nutrient used. Numerically this can be expressed as 
M - M0 . K(C0 - C), (8) 
where M is the total cell mass at any time, M0 is the mass 
of the inoculum, C0 is the initial concentration of 
nutrient, C is the nutrient concentration when the mass 
equals M and K is the yield constant. The second observa­
tion was that the cellular rate of growth, as a function 
of the concentration of limiting nutrient, can be expressed 
as 
H * (9) 
where C is the concentration of limiting nutrient and is 
a constant expressing the concentration at which the 
cellular growth rate is half the maximum. It was assumed 
that the termination of growth is due solely to the 
exhaustion of this one nutrient source. Then Monod used 
equation (8) to substitute for the value of C in equation 
(9) and placed this expression for R into equation (1). 
Integrated, this differential equation provides a relation­
ship in terms of the cell mass, the culture age and several 
constants, the values of which can be determined or experi­
mentally controlled. This curve is similar to the curve of 
the logistic. However, in this case the physiological basis 
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for the decrease in growth rate has been quite firmly 
established. Although this curve does not allow for a 
period of lag, the author does not consider a lag as part 
of his experimental system. 
It should now be possible to predict the growth of a 
population under any experimental conditions considered in 
the original assumptions and, in this way, establish the 
validity of these assumptions. This was done by Monod. 
Thus, an hypothesis has been formulated on the basis of 
certain experimental observations. These have been ex­
pressed in mathematical terms and an expression derived 
giving growth as a function of age. The constants in this 
expression have been evaluated and the expression used 
successfully to predict the growth of a population. To 
the extent that it is possible using this approach, the 
original hypothesis has been proved. 
Up to this point we have considered two general 
approaches to the problem of quantitative relationships 
in growth, that is, the study of the lag phase and the 
study of growth without lag. Two efforts from slightly 
different approaches should also be mentioned. Buchanan 
(1918) proposed a general growth equation of the form of 
equation (1) and suggested that the function for R, the 
cellular growth rate, be changed with each different phase 
of growth. This completely obscures the continuous nature 
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of the growth curve and represents it mathematically as a 
series of dissociated fragments. Finn (1954) suggested 
an analogy between a metabolizing system and an electrical 
circuit with feedback having finite delay. The physio­
logical significance of this analogy, however, was not 
made clear. 
Finally, it is necessary to consider several approaches 
in which false or questionable ideas have been hidden in a 
shroud of mathematics. Slator (1917) proposed to improve 
upon the empirical lag relationship presented by Leddingharu 
and Penfold (1914)» His suggested change, when put in 
terms of the standard parameters of growth, indicated only 
that the cellular rate of growth at any time is constant. 
That is, of course, meaningless. 
Marha and Muller (1956) proposed a theory in which the 
cellular growth rate is considered to be an inverse function 
of the generation time. The generation time, in turn, is 
dependent upon the growth capacity, which is defined as 
the ratio of the population at any time to the maximum 
attainable population. However, when this relationship 
was observed not to fit all the experimental data, the 
authors postulated an inhibitor in the medium to which the 
cells will adapt themselves exponentially. The resultant 
expression is too involved to be of any use. The necessity 
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for the use of such ad hoc reasoning usually indicates a 
basic weakness in the original assumptions. 
Contois (1957» 1959) based a rather extensive treatment 
of the problem on what he considered to be several short­
comings in the work of Monod (1942). First, he suggested 
that the rate-limiting nutrient may not be the same as the 
growth-limiting nutrient, the exhaustion of which is 
responsible for termination of growth. He believed that 
this point was reflected in equation (9)« Actually this 
type of relationship was selected by Monod because it 
involves nutrient availability in the control of growth 
rates only over a very small concentration range, when the 
rate-limiting nutrient factor is becoming potentially growth-
limiting. Second, Contois found it "difficult to conceive" 
of a given concentration of nutrient giving rise to the 
same growth response in a small population as in a large 
one. However, Monod's theory requires only that each cell 
consider its nutrient environment irrespective of other 
cells in the population. This is certainly reasonable. 
The theory proposed by Contois to correct for these points 
is physiologically meaningless. 
In his experimental work, growth rates were deter­
mined as the average rates during a rather extended interval 
of time. No effort was made to assure that the growth rate 
was constant in the time interval, although in some cases 
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it appeared that it almost assuredly would not be. Monod's 
theories were based on sound experimental evidence. Any 
criticism of those theories must necessarily be based on 
equally sound investigation. 
It can be seen that mathematical models for microbial 
growth have not all been proposed for the same reason. 
Some have been suggested solely as a means of estimating 
population levels. Others have been proposed primarily to 
provide a method of comparing the growth characteristics 
of different strains. It is reasoned that two numbers are 
easier to compare than two curves. The assumption is that, 
if the nature of growth can be incorporated into a numerical 
expression containing several constants, these constants 
can be used to compare the growth characteristics reflected 
in different growth curves. In this case the constants 
need have no physiological basis, since they are to be used 
only to establish the existence of differences, and not 
their causes. As suggested by Gray (1928), the empirical 
growth equation, if properly used, has some value in this 
approach. 
Growth models have also been used for what Monod (1942) 
referred to as "physiological analysis." In this approach, 
experimental observations are used as a basis for theories 
relating the rate of growth to physiological mechanisms of 
the cells. These theories are formulated into rational 
mathematical expressions, which are then combined to give 
a single growth equation. The constants of this equation 
do have physiological significance and can be evaluated 
from experimental data. The expression is then employed 
to predict the nature of growth under the conditions 
outlined in the original assumptions. If this can be 
successfully done, the validity of these assumptions is 
established. The constants in this relationship, like 
those in an empirical equation, can be used to compare 
growth characteristics of different strains. However, in 
this case the constants reflect the nature of the physio­
logical events involved in the control of growth rates and 
they can be used in this more precise sense. 
As we have seen, this approach was used successfully 
by Monod. Even then, not all of the constants in his 
expression were physiologically significant. Equation (9) 
was a mathematical expedient, selected only because it was 
observed to fit the data. Thus, the constant G^ has no 
physiological meaning* Part of the error in Contois' (1957) 
theory arose from an attempt to attribute such significance 
to this constant. 
Obviously the theoretical approach is more desirable 
than the empirical, but it is not often possible. In 
many cases the physiological basis of growth behavior is 
not sufficiently clear even to allow a rational assumption 
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to be made. When such assumptions can be made, they are 
often found to be almost impossible to manipulate 
mathematically. If the final expression is to be of any 
value, it must be simple enough to be used by the experi­
mentalist and it must have some meaning in terras of the 
experimental system with which it is to be tested. In 
this review we have seen several examples in which these 
requirements were not considered. 
It is significant that the most valid theoretical 
treatment mentioned (Monod, 19^2) was presented in con­
junction with some of the most important experimental 
observations, relative to microbial growth, of the past 
several decades. Other attempts, based on present knowl­
edge or on bare suppositions, have been generally un­
successful. It appears evident that what is now needed 
is not more theory, but rather more data. Until we have 
available more information concerning what experimentally 
adjustable parameters contribute to the control of growth 
rates in microbial populations and the nature and extent 
of these contributions, further theoretical work will be 
difficult. The following experimental work was undertaken 
in the hope of obtaining such information. 
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METHODS 
The organism used for these studies was Escherichia 
coll, strain K12. Stock cultures were maintained at 5°C 
on slants of minimal agar (Davis and Mingioli, 1950) and 
transferred semi-annually. 
Cultivation was in a synthetic medium containing: 
K2HP0J4-3H20, 0.7$; KHGPO^, 0,3%; MGSOJ^HGO, 0.01#; 
desired limiting factor; deionized water (less than 1 ppm 
ion content as NaCl). pH of the medium was 6.9-7*1» 
Glucose was sterilized spearately by autoclaving and added 
aseptically before use. 
Inocula were 23-25 hr unaerated cultures, grown in a 
synthetic broth medium (Davis and Mingioli, 1950) at 37°C. 
Inoculum cultures were centrifuged in an angle centrifuge 
at 1500 x g for 20 min and the cells resuspended in pH 
7.0 Sorenson's phosphate buffer before use. 
Cultivation temperature in all experiments was 37°C. 
One of two general experimental procedures was used. 
For those experiments in which small (10 ml) culture 
volumes were employed, cultivation was carried out in 
18 x 150 mm culture tubes provided with gas delivery tubes 
for aeration. The apparatus used for the control of 
aeration in these culture vessels consists essentially of 
variable quantities to provide the 
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a controlled source of air under pressure which is led, 
via a manifold, to a series of needle valve outlets 
monitored by individual flow-rate meters. Each outlet is 
connected to the gas delivery tube of a culture vessel. 
A detailed description of this apparatus and the design 
of the culture vessels was given by Lockhart and Ecker 
(1958). 
For cultivation in larger (500 ml) volumes, 1 L 
Pyrex bottles were employed. Aeration was provided through 
Pyrex fritted glass gas dispersion tubes of coarse porosity. 
The aeration control apparatus for these experiments is 
similar to that used with the small culture volumes. The 
flowmeters, however, are of greater precision and higher 
air flow capacity. In addition, three of these flowmeters 
are equipped with three-way valves so that each can be 
used either off the manifold inlet from the compressed air 
line or independently from any other gas source desired. 
This apparatus was described in detail by Ecker and 
Lockhart (1961). 
In both experimental procedures air was sterilized 
by passing through a type WH Microweb filter (Millipore 
Filter Corp., Watertown, Mass.) placed over the end of the 
gas delivery device. 
The apparatus were calibrated for rates of oxygen 
absorption using a modification of the sulfite oxidation 
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procedure of Cooper et al. (1944)• Culture vessels are 
filled to the proper volume with the sulfite reagent con­
sisting of 0.15 N Na^SO^ and 10~4 M CuSO^ with pH adjusted 
to 7.0 with HgSO^. Before aeration is begun one sample 
of the reagent is mixed with an equal volume of 0.16 N Ig 
in 5% aqueous KI. This becomes the blank. Then the 
culture vessels are aerated under specified conditions 
for a given time. After this time samples from the culture 
vessels are immediately mixed with an equal volume of the 
iodine reagent. Excess iodine in all samples is determined 
colorimetrically and the difference in iodine concentration 
between the blank and the samples from each of the culture 
vessels is used to determine the amount of oxygen absorbed 
using the following relationship: 
mEq Ig (difference) 
= mM O2 
Knowing the volume aerated and the time of exposure, 
calibrations are expressed in terms of mM of oxygen 
absorbed per L of culture per hr. A detailed description 
of the calibration method was given by Ecker and Lockhart 
(1959b). 
Total counts were made using a membrane filter 
technique. Plain white, type HA 1.0 in. filters (Millipore 
Filter Corp., Watertown, IVlass.) are divided into several 
32 
sampling areas by stamping them with grease using a metal 
die. The die has a flat, polished surface, in the face of 
which are a series of circular indentations of known 
diameter. The greased die is placed on the filter, which 
renders the filter impermeable except for a series of 
circular areas. Cell samples are diluted and fixed in a 
solution of 1% picric acid in physiological saline and a 
known volume of a diluted sample filtered through each 
filter area. Cells are stained on the surface of the 
filter with 0.1^ aqueous acid fuchsIn, dried and examined 
microscopically. A detained explanation of this method was 
given by Ecker and Lockhart (1959a)• 
Estimations of total cell protein were made as follows : 
To 0.5 ml of sample, containing from 10? to 10^ washed 
cells, was added 0.3 ml of i|.0 N NaOH. Samples were then 
heated in a boiling water bath for 3 to 4 min. After 
cooling rapidly, 0.2 ml of 4*0 N HC1 was added. Then the 
method of Lowry et al. (1951) was followed, with volumes 
appropriately adjusted for the larger samples. Optical 
densities of samples were read in a Coleman Model li| 
Universal spectrophotometer at 700 mp and compared to a 
standard curve made using weighed amounts of crystalline 
bovine albumin (Armour Labs, Chicago, 111.). 
Turbidity and nephelos measurements were made using a 
Coleman Universal spectrophotometer at 550 mp. In order to 
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reduce the spectral width of the beam and diminish stray-
light, an additional 2 by 10 mm slit was placed between 
the terminal collimating system and the cuvette. For 
optical density measurements, standard 19 mm round cuvettes 
were used. For nephelos measurements, a Coleman nephelo-
meter adapter with 20 by 1|0 ram cuvette was employed. 
For determination of the concentration of residual 
glucose in culture fluids a modified anthrone method was 
used. The reagent is 0.1% anthrone in concentrated fi^SO^. 
Cells are removed from the culture fluids by centrifugation 
and the cell-free medium diluted to give between 5 and $0 
p.g of glucose per ml. To 1.0 ml of diluted medium 5«0 
ml of the anthrone reagent is added carefully so that two 
distinct layers are formed and mixing is avoided. When all 
samples have been thus prepared, they are mixed thoroughly 
and immersed in a boiling water bath for 12 rain. After 
rapid cooling, optical densities of the samples are deter­
mined in the spectrophotometer at $60 mp. against a distilled 
water-anthrone reagent blank. Optical density readings are 
compared to a standard curve, plotted using known con­
centrations of glucose, to determine the concentration of 
residual glucose in the culture medium. 
Residual ammonia nitrogen in the culture fluids was 
determined using a modification of the method of Niss (1957). 
Two reagents are employed in the determination. Reagent A 
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contains: sodium citrate, 4*7 g; citric acid, 1.7 g; 
phenol, 9.6 g; distilled water to 4&0 ml. Reagent B 
contains: H^BO^, 6.0 g; NaOH, 8.0 g; "Chlorox," 30.0 ml; 
distilled water to 200 ml. Cells are removed from the 
culture and the cell-free medium diluted to give between 
2 and 20 p.g per ml of ammonia nitrogen. To 1.0 ml of 
diluted medium is added $,0 ml of reagent A and 2.0 ml of 
reagent B. Samples are mixed, heated in a boiling water 
bath for 5 min, cooled rapidly and their optical densities 
determined in a spectrophotometer at 6l5 m^i against a 
distilled water-reagent blank. Optical density readings 
are compared to a standard curve, plotted using known 
concentrations of (NH^^SO^, to determine the concentration 
of residual N in the culture medium. 
pH of cell-free culture fluids was measured using a 
Beckman Model G pH meter. 
35 
EXPERIMENTAL 
The following experiments were designed for the study 
of microbial populations in relation to their nutrient 
environment - specifically the utilization of the carbon-
source, the nitrogen-source and oxygen, and the effects 
caused by the limited availability of each. The test 
organism can be easily cultivated, either aerobically or 
anaerobiçally, in a minimal medium containingglucose as 
the sole source of carbon and (NH^^SO^ as the sole source 
of nitrogen. By appropriate adjustment of concentrations, 
the availability of either can be selectively limited. All 
cultures were aerated, and oxygen availability was limited, 
when desired, either by providing a low rate of aeration 
initially or by reducing the aeration rate, at some 
specified time during culture growth, from a high initial 
rate. 
In the medium described, this strain has an exponential 
growth rate of about 1.0 generation per hr. This maximum 
rate is unaffected by the availability of any of the factors 
studied here. The phase of exponential growth is 
characteristically preceded by a period of lag, the 
duration of which is also independent of the availability 
of these factors under the conditions employed. Monod 
(1949) has suggested that the length of the lag is one of 
the basic growth constants. When we consider the number of 
factors important in the determination of the lag, the 
measure of its duration takes on even more importance. 
We have seen that the age of the parent culture and the 
size of the inoculum both have marked effects on the length 
of the lag phase. It is not unreasonable to assume that 
this measurement can be used to express quantitatively the 
physiological differences in cells that demonstrate these 
differences in lag. Lodge and Hinshe lwood (194-3) used this 
approach in the formulation of their "lag-age" relation­
ship. 
However, we have also seen that the most accurate 
measure for the determination of the lag is a matter of 
some disagreement. Since it must ultimately involve 
translation of a curve into a straight-line distance, it 
has been generally conceded that no mathematical repre­
sentation of the length of the lag can be exact. Thus the 
disagreement has been essentially a debate as to which 
approximation best represents the true facts. The curve 
representing early growth is a continuous function 
approaching, without interruption, a linear relationship 
between culture age and the logarithm of the cell popu­
lation. Obviously the best means of mathematically 
expressing early growth would be by the equation describing 
this curve. 
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In the explanation of equation (1) it was suggested 
that most growth equations are of this form with an 
appropriate function substituted for the cellular growth 
rate, R. It should be possible, on the basis of simple 
logic, to propose such a function and derive an empirical 
expression that will accurately describe early growth. The 
requirements for such a function are that it equal zero at 
the time of inoculation and approach Rm, the maximum 
cellular growth rate, as culture age increases. A general 
equation which meets these requirements is 
R = Rm(l - e'f(t)), (10) 
where f(t) increases as t increases. Since it is observed 
that this function is dependent upon the inoculum size, 
f(t) must include the initial population, N . However, 
if f(t) is made a linear function of N0 and t, the resultant 
equation will not fit the observed data; the term 
must approach zero more rapidly. Thus f(t) must include 
either higher powers of t or the dependent variable, N, 
the number of cells present at any time. In neither case 
is the resultant equation integrable by standard techniques. 
However, the following equation can be numerically inte­
grated without great difficulty and is found to fit a 
number of observed data with considerable accuracy: 
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dN/dt = RmN(1 - e"bNt), (11) 
where b is the "lag constant." 
In experiments designed to demonstrate the dependence 
of length of the lag on the size of the initial population, 
several cultures were grown in identical media, under 
identical conditions except for the amount of the inoculum. 
All cultures were inoculated from the same cell suspension, 
with quantities varied as desired. Samples were removed 
at intervals after inoculation and total counts made. 
Pig. 1 shows the results of such an experiment. The points 
represent observed data and the lines are curves predicted 
using equation (11). For these predicted curves, equation 
(11) was integrated using the CYCLONE digital computer 
(Department of Electrical Engineering, Iowa State University). 
For this purpose the value of Rm was considered to be 1.0 
generation per hr and the value of b was determined to be 
2.4 x 10"® ml per cell-hr. 
This expression does not provide a measure of the 
length of the lag. Rather, it suggests the nature of the 
total relationship between the size of the initial popu­
lation and the length of the lag. It seems reasonable that 
this constant could be used to express differences in the 
physiological state of the parent cultures at the time they 
were used for inoculation. The existence of these 
Fig. 1. Early growth curves for a series of cultures of 
Escherichia coli in 10 ml of aerated synthetic 
media. 
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differences is exemplified in the difficulties encountered 
in standardizing inocula. It is often observed that two 
inoculum cultures, both in the stationary phase and thought 
to be quite similar, give very different lag character­
istics» Preliminary data Indicate that the lag constant 
may be of use in expressing these differences. However, 
there are certain experimental difficulties which must be 
overcome before the expression can be put into routine use 
for this purpose. Since the equation is observed not to 
apply outside a certain range, inoculum populations must 
be above about 5 x 10^ cells per ml. Although the effect 
is not at all clear, it appears that there is some in­
fluence of agitation on this phenomenon. Series of 
cultures, in which the only variable was the degree of 
agitation from the aeration device, showed distinctly 
different inoculum size vs. lag length relationships. 
Finally, before the lag constant can be of any use in 
expressing physiological differences in parent cells, it 
will be necessary to know what physiological parameters 
are involved in bringing about these differences. Lag 
characteristics must be measured in conjunction with 
measurements of other cell properties if these specific 
physiological events are to be implicated in the control 
of lag phenomena. At present it is not known what factors 
to study in this respect. 
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However, since it has been observed that the most 
marked metabolic changes in the cell occur early in the 
stationary phase we at least have an idea concerning where 
we might begin looking for these physiological parameters. 
Before experiments could be conducted in which the 
effects of a given limiting environment are studied, it was 
necessary to establish the experimental conditions required 
to assure that a single factor was limiting. The nature of 
the experimental data to be shown later supports the 
assumption that all required factors except the sources of 
carbon, nitrogen and oxygen were present in excess at all 
times. The linear relationship between initial concentration 
of limiting nutrient and maximum attainable cell material, 
to be demonstrated later, eliminates the probability of 
accumulation of toxic wastes as a factor in limiting growth 
in these experiments. In addition, other experiments not 
shown here, in which populations were cultivated in various 
volumes containing the same amount of nutrient per vessel, 
indicated that the vessels containing the larger volumes 
(and, thus, the greater dilution of "toxic factors") were 
identical in their patterns of growth with the smaller-
volume cultures. 
Experiments conducted under conditions of low aeration 
a n d  h i g h  c o n c e n t r a t i o n s  o f  g l u c o s e  a n d  ( s h o w e d  
that growth ceases abruptly while both the carbon- and 
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nitrogen-source are present in excess» This abruptness of 
growth cessation is characteristic for oxygen-limited 
cultures. The oxygen availability at the time growth 
stops is constant at about 6-8 x 10"mM/cell/hr. It 
must be remembered, however, that this value reflects the 
matmum rate of oxygen availability as measured by sulfite 
oxidation and has no direct meaning in terms of the rate at 
which it is being used by the cells. In experiments in 
which oxygen was not to be the factor limiting growth, 
oxygen availability was maintained at more than three 
times the value shown above. 
To determine the population levels at which the carbon-
and the nitrogen-source become limiting, a series of 
cultures were grown in a medium containing an excess of one 
nutrient and various limiting amounts of the other. After 
growth had ceased, total attainable growth was determined 
for each culture using both total population (Nmax) and 
total protein ) as measures of growth. In initial 
experiments culture fluids were tested to assure that the 
desired factor was actually limiting. Thereafter the non-
limiting nutrient was maintained at levels well above those 
known to be limiting for the expected population. 
These data were plotted with maximum attainable growth 
as a function of initial concentration of limiting nutrient. 
Although the true parameter should be maximum growth 
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produced, that is, the measured maximum growth less the 
value of the inoculum (Nraax-N0 or in most cases 
the inoculum was a negligible fraction of the total growth 
and could be disregarded. Thus, for the sake of simplicity, 
the mathematical expressions used here will reflect the term 
for total growth only. Such a graph for glucose-limited 
populations is shown in Pig. 2. Similar relationships are 
found for (NH^lgSO^-limited populations. 
The relationship between total attainable mass ( ) 
and initial concentration of the limiting nutrient (CQ) 
can be expressed by the following modification of equation 
( 8 ) :  
"max = «V (12) 
The yield constant, that is the amount of cell mass 
produced from a single unit of nutrient, is the slope of 
the line representing this relationship in Fig. 2. For 
this organism, cultivated under these conditions, the 
yield constant is 0.26 p.g protein per jag glucose. The 
yield constant for nitrogen is 0.90 }xg protein per ;ug 
(NH1|)2SO^. 
The relationship between maximum population (Nmax) 
and C0 is obviously different. This can be expressed by 
the following equation: 
»max - K'C0S, (13) 
Pig. 2<> Maximum numbers and mass produced as a function of 
initial glucose concentration for a series of 
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where s has a positive value less than 1.0, K' and s are 
constants the significance of which can be observed more 
easily using the logarithmic form of equation (13), 
log Itmax = s log CQ + log K'. (14) 
A plot of log Nmax as a function of log CQ provides a 
straight line with slope s and with intercept of log K! 
on the log axis. Fig. 3 shows such a log-log plot 
for two series of cultures, one limited by the supply of 
glucose and the other by the availability of (NH^^SOj^. 
The values of the constants for glucose-limited populations 
are : s = 0.75» K' = 6.0 x 10^. For nitrogen-limited 
populations they are: s = 0.59» K' = 3.0 x 10?. 
Although the vs. CQ relationship shown in Fig. 2 
is very similar to that shown by Monod (1942), and expressed 
by equations (8) and (12), this and other such experiments 
indicated that the line, if extended, did not pass through 
the origin. To demonstrate this effect more conclusively, 
experiments were conducted in which samples were taken at 
intervals throughout the growth of the population. Deter­
minations were made for total protein and residual glucose, 
and mass produced (M - M0) was plotted as a function of 
nutrient used (CQ - C). Such a graph is shown in Fig. 4» 
The intercept of the extended line on the abcissa is termed 
G . All experiments of this type gave curves similar to 
that shown in Fig. 4• In addition, however, it was noted 
Pig# 3» Log of the maximum attainable population as a 
function of log of initial concentration of 
limiting nutrient for cultures of Escherichia 
coli in 10 ml of aerated synthetic media. 
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that the value of Cx Is inversely dependent upon the size 
of the initial population. 
This effect of inoculum size was investigated to deter­
mine its probable cause. Three cultures were cultivated 
under identical conditions except for the size of the 
initial population. In order to allow more accurate deter­
mination of residual nutrient, the initial glucose con­
centration was relatively low (50 jig per ml). Cultures 
were inoculated from the same cell suspension to give the 
following approximate quantities of initial cell mass: 
culture A, 0.9 pg protein/ml; culture B, 1.8 pg/ml; 
culture C, 3.6 pg/ml. Samples were taken at intervals 
during early growth, and cell protein and residual glucose 
determinations made. Cells were concentrated by centrif-
ugation for these determinations. Efficiencies were 
calculated for several time intervals during the lag, where 
the lag was assumed to terminate with the last sample before 
the beginning of the phase of exponential growth. The 
average efficiencies during the lag period were determined 
to be the same in all cultures, about 0.12 jag protein per 
pg glucose. However, the length of the lag was observed 
to be different in each case, with cultures A, B and C 
having lags of about 6, 4 1/2 and 3 hrs respectively. Thus, 
the dependence of this effect on the size of the inoculum 
can be explained by the expected relationship between the 
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lag length and initial population. 
In the study of the behavior of the population under 
specific limiting conditions, several types of information 
were routinely sought. These were: a) utilization of both 
the limiting and the non-limiting nutrient(s); b) pH 
changes in the culture fluids; c) changes in the average 
size of the cells, that is, the ratio of total cell mass 
to total population. Pig. 5> Fig. 6 and Fig. 7 show this 
information for a carbon-, a nitrogen- and an oxygen-
limited population respectively. These particular data . 
were chosen for use here because they represent a single 
experiment, in which all three cultures were inoculated 
„ from the same cell suspension, cultivated concurrently and 
examined for all of the desired factors. However, each of 
these culture characteristics has been observed in more 
detail in other experiments, so the interpretations presented 
here are based on more than the representative data shown 
in these figures. 
In this experiment, cell mass was determined by 
nephelometry. Monod (1942) has shown that there is a 
direct relationship between cell mass and turbidity. To 
confirm this, a number of cultures were examined at times 
when cell sizes were observed to change appreciably. Tur­
bidity was found to remain a constant function of the cell 
mass present in the culture. All nephelometry data are 
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recorded as the galvonometer reading for a 1:10 dilution 
of the culture. 
In these figures, mass and numbers are plotted as 
their logarithms. The distance between these curves, 
measured perpendicularly to the time-axis, is equivalent 
to the logarithm of their ratio. While this gives little 
indication of the magnitude of any change in cell sizes, 
it does indicate the direction of any change and gives an 
idea of comparative 11 terminal" cell sizes. 
Although in most instances pH was sufficient indication 
of acid production, more accurate estimations were some­
times desired. When necessary, pH measurements were 
compared to the titration curve for the culture medium to 
obtain the amount of acid produced. 
In a population limited by the supply of glucose, as 
represented by Fig. 5» the cessation of growth is observed 
to be coincident with the exhaustion of this nutrient. The 
nitrogen supply is utilized only until the glucose is ex­
hausted. pH decreases only slightly during growth and 
remains constant after growth has ceased. Acid production 
and growth appear to be proportional. Beginning with the 
transition period between the phase of exponential growth 
and the maximum stationary phase, cell size remains very 
constant. 
Fig. 5» Characteristics of later growth in a glucose-limited 
culture of Escherichia coll in 500 ml of aerated 
synthetic medium. 
Open circles - mass ; solid circles - numbers; 
open triangles - residual nitrogen; solid triangles -
residual glucose; squares - pH. 
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There is a small amount of anthrone-positive material 
remaining in the culture fluids at the end of growth, but 
it appears that it is not glucose. Two observations lend 
support to this conclusion. The culture fluids will 
support considerable growth if re-inoculated, but if the 
cells are again removed and the medium tested, it is found 
that the amount of anthrone-positive substance has in­
creased rather than decreased. In addition, chromatography 
of concentrated culture fluids indicates that the glucose 
is completely exhausted in glucose-limited cultures• Thus, 
it appears that this material is produced by the cells and 
extruded into the medium. This assumption is supported by 
the observation that the concentration of the substance is 
directly related to the number of cells that have been 
produced. Since the anthrone test is sensitive to a number 
of different compounds, it is not known at present what 
this material is. The same effect is noted in nitrogen-
and oxygen-limited populations. 
As indicated in Fig. 6, cessation of growth in an 
(NH^)SO^-limited culture is coincident with the exhaustion 
of this nutrient. The change in pH appears to be almost 
identical to that observed in glucose-limited populations. 
Glucose utilization continues after growth has ceased, and 
a rate of about 100 pg glucose per 10^ cells per hr has been 
observed to continue for up to 6 hrs in the stationary phase 
Pig. 6. Characteristics of later growth in a nitrogen-limited 
culture of Escherichia coll in 500 ml of aerated synthetic 
medium. 
Open circles - mass; solid circles - numbers ; 
open triangles - residual nitrogen; solid triangles -
residual glucose; squares - pH. 
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of a nitrogen-limited culture. Average cell size appears 
to decrease quite rapidly during the transition period and 
early stationary phase, then levels off and remains constant. 
In oxygen-limited populations, as shown in Fig. 7 and 
as mentioned earlier, growth appears to terminate abruptly 
— IP 
when oxygen availability decreases to about 6-8 x 10~ 
mM/cell/hr. Aeration was provided to such cultures at the 
lowest controllable rate, about 5-6 mivl/L/hr in the $00 ml 
vessels employed, and this rate maintained throughout the 
growth of the culture. In the period just prior to the 
onset of the stationary phase, glucose utilization is more 
rapid than in carbon- or nitrogen-limited cultures. After 
growth has ceased, utilization continues at a rapid rate -
more than three times the rate shown above for nitrogen-
limited cultures. The drop in pH is very pronounced. Acid 
production follows glucose utilization until the last 
several hours, when acid production is observed to lag 
slightly. Nitrogen-source utilization ceases with the 
termination of growth. Thus, growth in these populations 
stops while both the carbon- and the nitrogen-source are 
present in excess and oxygen is still available. 
To study this effect more thoroughly, two slightly 
different types of experiments were performed. In both 
cases cultures were grown in a medium containing high 
levels of glucose and (NH^^SO^ and initially at a high 
Fig. 7» Characteristics of later growth in an oxygen-limited 
culture of Escherichia coli in $00 ml of aerated 
synthetic medium. 
Open circles - mass ; solid circles - numbers; 
open triangles - residual nitrogen; solid triangles -
residual glucose ; squares - pH. 
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rate of aeration. After the populations had been allowed 
to grow to various levels, oxygen availability was decreased 
abruptly. In some cases this was done by decreasing the 
aeration rate to the lowest measurable point. In other 
instances an oxygen-free atmosphere, containing 95% Ng 
and CC>2, was substituted. The gas flow rates were 
similar in each case. 
Figs. 8, 9 and 10 show the results from an experiment 
in which the oxygen availability was reduced, but not cut 
offo In each instance aeration was diminished at a different 
population level. Fig. 8 demonstrates the effect when the 
population is well below the maximum expected for this 
decreased aeration rate. Growth rate begins to decrease 
immediately but growth continues to about the expected 
maximum. The rate of glucose utilization increases rapidly 
at first, then decreases to a constant while the population 
is still increasing. pH decreases steadily and acid 
production is seen to follow the utilization of glucose in 
a manner similar to that shown for the culture represented 
in Fig. 7* The nitrogen source is utilized until growth 
stops. 
Fig. 9 shows the effect when the population is 
exactly the maximum expected for the reduced rate of 
aeration. Growth ceases abruptly. Utilization of the 
nitrogen-source is terminated immediately. Glucose 
Fige 8e Effects of the imposition of reduced availability of oxygen 
on an aerobically-growing culture of Escherichia coli in 
500 ml of synthetic medium. Conditions were imposed, as 
indicated by the arrow, when the population was below the 
maximum expected for the new conditions. 
Circles - numbers ; open triangles - residual nitrogen; 
solid triangles - residual glucose; squares - pH* 
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Fig. 9» Effects of the imposition of reduced availability of 
oxygen on an aerobically-growing culture of Es cherichia 
coli in 500 ml of synthetic medium. Conditions were 
imposed, as indicated by the arrow, when the population 
was exactly that expected for the new conditions• 
Circles - numbers; open triangles - residual nitrogen; 
solid triangles - residual glucose ; squares - pH. 
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utilization and acid production follow the same general 
patterns as shown for normal oxygen-limited populations 
(Fig. 7). 
If aeration is decreased when the population is above 
the expected maximum, results occur as-shown in Fig. 10. 
Growth is observed to continue at a decreasing rate for 
several hours. The nitrogen-source is utilized at a 
decreasing rate until growth ceases. Glucose is used 
rapidly until it is exhausted. pH decreases steadily, 
roughly following glucose utilization. 
If, instead of the decrease in aeration rate, an 
oxygen-free atmosphere is substituted, a "momentum effect," 
similar to that shown in Fig. 10, is noted. Irrespective 
of the size of the population, when oxygen is eliminated 
the rate of growth and the rate of nitrogen-source utili­
zation both begin to decrease immediately. Glucose con­
tinues to be utilized at a rapid rate and pH drops 
markedly. However, growth ceases before either the 
glucose or the (NH^^SO^ become limiting. The elapsed 
time between the imposition of anaerobic conditions and 
the cessation of growth appears to be inversely related to 
the size of the population at the time the conditions were 
imposed. 
Pig. 10. Effects of the imposition of reduced availability of 
oxygen on an aerobically-growing culture of Escherichia 
coll in 500 ml of synthetic medium. Conditions were 
imposed, as indicated by the arrow, when the population 
was above the maximum expected for the new conditions. 
Circles - numbers ; open triangles - residual nitrogen; 
solid triangles - residual glucose ; squares - pH. 
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Use of the length of the lag to infer physiological 
changes in the cell was apparently first made by Robertson 
(1924)» who assumed that permeability of the nuclear 
membrane in protozoa is directly related to the mechanisms 
involved in the lag. He thus attempted to determine the 
effects of various cytolytic agents on this membrane by 
measurements of their effect on lag. Lodge and Hinshelwood 
(I9J43) established the relationship between lag and age of 
the parent culture using their specific measure of the lag 
(equation (3))* and this relationship was used later by 
Dagley et, al. (1950) in attempts to implicate various amino 
acids and compounds of the citric acid cycle in the control 
of growth rates in the lag phase. Such attempts to use 
the lag in this manner have not been particularly successful. 
There are several probable reasons for the general 
failure of this approach in establishing the mechanisms 
involved in the control of pre-exponential growth. First, 
no measure of lag has been proposed which describes the 
events of early growth with any accuracy. Second, present 
knowledge of the factors limiting the growth of cultures 
and of the relationship between culture age and phys­
iological state is too incomplete to allow conditions to 
be accurately reproduced from one experiment to another. 
Finally, this inadequacy of our knowledge has made it almost 
impossible to make a valid judgement concerning what 
characteristics to study, with respect to their effect on 
the lag, in the cells from the cultures which furnished the 
inoculum. Robertson's assumption was an attempt to extend 
his theory of "autocatalysis," and had no experimental 
basis. The participation of a diffusible cell product has 
been shown, but no such substance has been identified nor 
have its properties been a matter of universal agreement. 
Although Dagley et, al. attempted to demonstrate that certain 
biochemical intermediates were involved, there was no 
experimental basis for their choice of compounds and their 
results suggested no logical biochemical mechanism. 
The nature of the lag-age relationship as demonstrated 
by Lodge and Hinshelwood (1943)» in fact, suggests a series 
of limiting reactions> only some of which are controlled by 
the availability of diffusible intermediates. In this 
relationship, as the age of the inoculum culture increases, 
the length of the lag upon subculture decreases to a 
minimum near zero then increases steadily to a constant 
value. Thus, the lag can be eliminated, without the 
participation of a diffusible intermediate, by proper 
choice of the physiological state of the inoculum cells. 
Apparently the availability of a diffusible intermediate 
or series of intermediates initially limits the rates of 
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reaction in lag phase cells but, as the concentration of 
such factors increases, the availability of other, intra­
cellular factors becomes rate limiting. However, as the 
culture ages further, the dominance of these factors in the 
metabolism of the cell must also diminish, for the cells 
from such cultures become less adaptable to the conditions 
present upon subculture. 
It is apparent that the relative emphasis in the various 
metabolic processes of bacterial cells during culture growth 
is constantly changing. Winslow and Walker (1939) have 
reviewed a number of early observations relative to such 
changes during the lag phase. In some of the work described 
here it was shown that the efficiency of glucose utilization 
during the lag phase is considerably less than during later 
phases of growth. All of these observations suggest that 
metabolic activity is considerably greater during the lag 
phase than at any other time. 
Lockhart and Powelson (1954) demonstrated changes in 
the drug sensitivity, reducing activity and nucleic acid 
content of cells at the onset of the stationary phase and 
Allen and Powelson (1950), and some earlier workers, have 
shown a marked shift in pathways of glycolysis from an 
emphasis on the pentose phosphate scheme to a preference 
for the Embden-Myerhof pathway during the same period. It 
would be of great interest to know what specific changes 
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take place in the cells during these later periods of 
growth to render them so completely unprepared to undergo 
the reactions required during growth initiation. 
It does not seem unreasonable to suggest that the 
method used by Roberts on and by Dagley et. al» be used to 
study the nature of these changes. The nature of early 
growth is certainly indicative of the physiological state 
of the inoculum cells. Yet, we must first have an accurate 
measure of the nature of the lag and we must have more in­
formation on the factors which bring about the observed 
alterations in the metabolic behavior of the cells. Al­
though equation (11) may not provide a completely accurate 
description of early growth, it is suggested that this 
expression includes the characteristics necessary for such 
an equation and will better serve the desired purpose than 
other equations presently available. Experimental work to 
be discussed in the pages that follow point out the technical 
difficulties to be overcome before such an expression can be 
put into use. 
Although Monod (19^2) first proposed a linear relation­
ship between total growth attainable and the initial con-
concentration of limiting nutrient as shown in equation 
(12), a somewhat different, non-linear relationship was 
reported by Hinshelwood (1946). The latter author attempted 
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to reconcile the two observations with the suggestion that 
exhaustion of the supply of limiting nutrient is not the 
only cause for termination of growth in such populations. 
He advanced the hypothesis that, at higher maximum.popu­
lations, the adverse effect of metabolic products accu­
mulating in the medium becomes a growth limiting factor 
and causes a deviation from the linear relationship observed 
by Monod. 
It is suggested, however, that such an assumption is 
unnecessary, for it has been shown that the observed dif­
ferences arise from the use of different growth parameters 
by the respective authors, one of whom employed cell mass 
as the measure of maximum growth while the other used cell 
numbers. The data given by Hinshelwood (1946)* who 
employed cell numbers, resemble closely the Nmax vs. C0 
relationship shown by equation (13)» and can be fitted to 
the curve of this general equation. Butterfield (1929) 
reported the same phenomenon for population growth in a 
medium containing variable amounts of glucose and peptone. 
He presented an equation identical to equation (13). In 
addition, Hinshelwood1 s explanation, that the large popu­
lations obtained at greater nutrient concentrations create 
adverse changes in the medium which exert limiting effects, 
has not been supported by experimental evidence. Thus, it 
seems likely that the different results obtained are not 
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due to differences in culture conditions. This is not to 
say that accumulation of toxic substances in the medium 
might not eventually limit the growth of a population, but 
such effects are not observed at the relatively low popu­
lation levels reported here. 
It is not surprising that growth and cell division 
function independently. Many chemical agents selectively 
inhibit either growth or division without appreciably 
affecting the other (see Loveless et al., 1954)• Henrici 
(1928) showed that average cell sizes may change appreciably 
between different phases in the normal growth of a popu­
lation. Monod (1949) emphasized the danger of indis­
criminate exchange of growth variables, pointing out that 
there is no justification for considering bacterial density 
(mass) and cell concentration (numbers) to be equivalent. 
Fig. 2 indicates that, as the maximum attainable population 
increases, the average cell size increases. Not only is it 
invalid, then, to assume that cell size is constant between 
phases of growth, but it is impossible to make this 
assumption concerning cells at any point in the stationary 
phase if the maximum populations are not also constant. 
Monod (1949) suggests three basic growth constants: 
the length of the lag, the rate of exponential growth and 
the total attainable growth. However, in many cases the 
differences in these constants for closely related strains 
are not great enough to be detected. Monod (1942) also 
demonstrated that the mass yield constant (K in equations 
(8) and (12)) is characteristic for a given strain in a 
given medium, but, as can be seen from his data, these 
values do not vary a great deal from one species to another 
so the yield constant would not be a particularly useful 
diagnostic tool in demonstrating subtle differences between 
closely related strains. On the other hand, the relation­
ship in equation (l4) can be very helpful in pointing out 
some of these differences. 
Although equation (l4) provides two constants of use 
in comparing the growth characteristics of different strains, 
care must be taken not to attribute overdue significance 
to them. The relationship shown in equation (13) is an 
approximation for what is probably a small portion of the 
curve relating total attainable population and initial 
nutrient concentration. It is not suggested that this is 
necessarily the correct equation for the total relationship 
between these two parameters, nor that the constants of 
this expression have any precise physiological significance. 
In general, however, the curve whose nature is reflected 
in these constants is a true representation of physiological 
events and the use of s and K' for qualitative description 
of these events is thus justified. 
The total efficiency of growth, as measured by increase 
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in numbers, decreases with increasing maximum population. 
K1 is the theoretical maximum population produced from a 
single unit of nutrient, so this constant in general 
reflects the efficiency at low maximum populations, s 
indicates the nature of the change, or decrease, from this 
efficiency as the maximum population increases. Although 
it was not done as part of the work reported here, it should 
be mentioned that equation (ll+) has been found very useful 
in characterizing certain mutants of this parent strain of 
Escherichia cjoli. It is hoped that study of these mutant 
strains will help to provide an explanation for these 
observed changes in efficiency. Further comment will be 
deferred until the discussion of other experimental work 
on the termination of growth. 
Although not necessarily the only such factor, nutrient 
exhaustion is generally considered to be one of the primary 
causes of the termination of growth. Certainly it is the 
most common under ordinary circumstances and the most 
easily adjusted for experimental purposes. With a knowl­
edge of specific yield constants, cell division efficiencies 
and oxygen requirements, it is not difficult to design 
experiments in which a given nutrient factor can be expected 
to limit the growth of a population at a given level. In 
the description of the experimental work it was shown how 
each of these characteristics was determined for this strain 
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under the conditions employed. We have also seen, however, 
that growth termination under these conditions cannot 
always be completely separated from the phenomenon of lag. 
For, although it has been generally held that the length 
of the lag has no effect on later growth, experiments here 
have shown that the cellular rate of glucose utilization is 
increased considerably during the lag. Thus, if the size 
of the initial population is decreased slightly, the 
extended duration of the lag can more than compensate for 
the decrease in numbers and give an overall increase in 
glucose consumption during early growth. This diminishes 
the total available nutrient and, therefore, the expected 
maximum attainable population. Such effects have been 
observed on a number of occasions and must be accounted for 
in the design of experiments. 
Most of the past work on the termination of growth 
in batch cultures has been done through use of controlled 
nutrient exhaustion. Usually this has been accomplished 
by limiting the supply of the primary nutrient factors in 
a non-fastidious heterotroph as was done in this work or by 
similar use of a required growth factor in auxotrophs of 
such organisms. In the study of sub-maximal growth rates 
in continuous culture, rates are usually controlled by the 
availability of nutrient. Often these rates are changed 
from one experiment to another by altering the nature of 
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the limiting factor. Implicit in such work has been the 
assumption that the mechanisms involved in the limitation 
of growth rates due to nutrient exhaustion are independent 
of the nature of the nutrient factors involved. Oxygen 
has been routinely assumed to be non-limiting, although 
efforts made to control oxygen availability were not always 
adequate. 
The experimental work presented here suggests that, 
although limitation of a nutrient factor is the cause of 
growth cessation, this in itself does not mean that the 
same sequence of physiological events will always be 
observed during the termination processes. For instance, 
comparison of a carbon-limited and a nitrogen-limited 
culture indicates several distinct differences. The glucose-
limited population exhibits no external manifestations of 
change after growth has ceased. Cell division and mass 
synthesis terminate simultaneously. Since the primary 
source of energy has been exhausted in this case, such 
observations would not be unexpected. On the other hand, 
the nitrogen-limited population shows some marked changes 
upon cessation of growth. The coincident exhaustion of the 
supply of and cessation of mass synthesis might 
also be expected. However, in this case the supply of the 
energy source continues to be utilized, with a resultant 
period of continued cell division after the terminal cell 
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mass has been attained. It is frequently observed that 
cell sizes in nitrogen-limited populations will diminish 
to one-fourth the normal in a few hours after mass synthesis 
has ceased. Glucose will continue to be utilized, even 
after cell division has stopped, yet the pH remains un­
changed. From the rate of glucose utilization it is apparent 
that some metabolic processes continue for extended periods 
in a nitrogen-limited culture although external mani­
festations of such processes may not be detected. Glucose 
utilization apparently is not fermentative in this post-
growth period, for the pH is not affected. 
It is obvious that the changes in cellular processes 
that accompany growth cessation are not at all the same in 
the two cases just mentioned. From consideration of the 
relationships between maximum population and initial con­
centration in the two cases, it would seem reasonable to 
suggest that the mechanisms involved in the cause of this 
cessation may be more similar. Although there is certainly 
no direct evidence in support of this, the fact that each 
limiting factor provides the same type of Nmax vs. CQ 
relationship gives strength to such an assumption. Further 
study of the precise nature of changes in cell sizes during 
this period should clarify this point. 
Effects observed in oxygen-limited populations at the 
termination of growth are markedly different than those 
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seen in carbon- and nitrogen-limited systems. From a 
comparison of pH curves one can see, first of all, that 
limited availability of oxygen influences the culture for 
some time before it has any effect on the growth rate. pH 
begins to show a sharp decline while growth is still 
logarithmic. Thus, as increased population decreases the 
per-ce11 availability of oxygen, there must be a constant 
shift in emphasis from an oxidative to a fermentative 
energy metabolism. With this organism it is expected that 
aerobic metabolism will give COg as the dominant terminal 
product of glycolysis (see Roberts e_t aJL., 1955) and little 
change in pH. On the other hand, anaerobic metabolism 
would be expected to provide more acidic end products such 
as acetate, formate and lactate with a decreased total 
efficiency and a lower terminal pH. 
Fowler (1951) showed that, when relatively young, 
aerobically-growing cultures of Escherichia coli are passed 
to anaerobic conditions, a latent period of adaptation 
follows and then growth resumes at the same rate. In the 
oxygen-limited system represented by Fig. 7, it is possible 
that this adaptation to anaerobic conditions occurs over 
a period of hours with no observed change in growth rate. 
In addition, Fig. 8 shows that, if aeration is decreased 
during late logarithmic growth the growth rate is altered 
although it would not have been so affected had the rate of 
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aeration been low from the beginning. This suggests that 
the highly aerobic culture was metabolically unprepared 
for the change in conditions to which the culture with 
lower aeration had been adapting continuously. Since some 
oxygen was still available, the population in which 
conditions were altered did not stop growing completely as 
those observed by Fowler. She also demonstrated that the 
anaerobic rate of glucose utilization is about 2.5 times 
that of aerobic populations, which is in line with the 
observed increase during late logarithmic phase shown 
here. 
From the data presented here, it seems likely that 
growth cessation in oxygen-limited populations is due to 
an inhibition rather than an exhaustion phenomenon. Growth 
ceases abruptly while glucose and (NH^jgSO^ are both 
present in excess and oxygen is being made available at a 
very specific rate. Were this merely a case of a shift 
from aerobiosis to anaerobiosis, one would expect growth 
to continue or resume after a period of adaptation. This 
does not occur. In addition, when oxygen is eliminated 
completely or decreased to a level below that which 
ordinarily is limiting, no such limiting effect is noted -
oxygen must be made available at a very specific cellular 
rate for this phenomenon to occur. If oxygen is provided 
to a growing culture at exactly that rate, as shown in 
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Fig. 9» growth stops immediately. 
There is some precedent for believing that oxygen can 
exert growth inhibiting effects under some conditions. Most 
general explanations of the Pasteur effect have suggested 
inhibition of anaerobic glycolysis by oxygen. Dagley et al. 
(1951) showed effects of oxygen-limitation similar to those 
presented here, but they did not feel that positive inhi­
bition by oxygen was the best explanation for their results. 
While it is possible to implicate oxygen as an inhi­
bitor in some oxygen-limited systems, this cannot be done 
in cases in which oxygen has been eliminated altogether. 
In such cases it is observed that growth will also 
terminate while both glucose and (NH^^SO^ are present in 
excess, but the cessation is not at all abrupt. It has 
been shown that the cells are constantly changing in their 
metabolic emphases throughout the growth of the population. 
Evidence has also been presented that, in ordinary oxygen-
limited systems, there is a constant adaptation to limited 
availability of oxygen and that this adaptation does not 
occur in highly aerobic populations. It is possible, then, 
that the "momentum effect" that is observed when oxygen is 
completely withdrawn from such populations is due to the 
utilization of accumulated oxidizable intermediates, and 
the termination of growth results from inability of the 
population to adapt to the new conditions. 
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It is of interest to note* finally, that in all of the 
systems considered, the utilization of glucose continues as 
long as it is available. It appears that other, "sus-
tentative," processes continue after growth has ceased. 
While the nature of such processes remains obscure, there 
has been speculation that they are analogous to processes 
of differentiation in higher forms. This topic has been 
recently reviewed (Lockhart, 1959)• Regardless of the 
nature of such reactions, the evidence is clear that 
changes continue to occur in the cells for relatively long 
periods after growth has terminated. In the standardization 
of experimental procedures, these changes must be considered. 
Although there has been some discussion of general 
mechanisms, it has not been the primary purpose of this 
work to elucidate the specific biochemical processes in­
volved in growth control. Rather, this work was designed 
to point out the problems involved in the experimental 
control of variables in culture systems. It has been 
shown that measures of growth must be strictly defined, for 
cell mass and population follow different relationships. 
The metabolic emphasis changes constantly during the growth 
of the population and these changes are dependent upon the 
nature of the factor limiting growth. References to the 
"age" of a microbial population are therefore meaningless 
except in retrospect and with reference to the metabolic 
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events which have occurred in response to environmental 
influences in a specific culture. 
The ultimate manifestation of the physiological 
mechanisms in growing cells is the rate of growth. It has 
been suggested here that the study of the changes in this 
rate, that is, of growth kinetics, can be of use in bringing 
to light the nature of these mechanisms in microbial popu­
lations. It is hoped that the experimental work presented 
here will promote an appreciation for the complexity of the 
experimental system which must be used for such studies and 
will provide some suggestions concerning the ways in which 
the adjustable variables may be predictably controlled. 
87 
LITERATURE CITED 
Allen, S. H. G. and D. M. Powelson 1958 Pathways of glucose 
oxidation in dividing and non-dividing cells of 
Escherichia coll. J. Bacterid. 75:184-189» 
Browning, I., L. S. Lockingen and W. J. Wingo 1952 
Theoretical formulae for reproduction of free-living 
protista. Texas Repts. Biol. Med. 10:782-789» 
Buchanan, R. E. 1918 Life phases in a bacterial culture. 
J. Inf. Dis. 23:109-125. 
Butterfield, C. T. 1929 Experimental studies of natural 
purification in polluted waters. III. A note on the 
relation between food concentration in liquid media 
and bacterial growth. Publ. Health Repts. U. S. Publ. 
Health Serv. 44:2865-2872. 
Chesney, A. M. 1916 The latent period in the growth of 
bacteria. J. Exptl. Med. 24:387-418. 
Cleary, J. P., P. J. Beard and C
€ 
E. Clifton 1935 Studies 
of certain factors influencing the size of bacterial 
populations. J. Bacteriol. 29:205-213. 
Contois, D. E. 1957 Kinetics of microbial growth: theory 
and applications. Unpublished Ph.D. Thesis. Library, 
University of California, Los Angeles. 
Contois, D. E. 1959 Kinetics of bacterial growth: relation­
ship between population density and specific growth rate 
of continuous cultures. J. Gen. Microbiol. 2Î:4O~5O. 
Cooper, C. M., G. A. Fernstrom and S. A. Miller 1944 
Performance of agitated gas-liquid contactors. Ind. 
Eng. Chem. 36:504-509» 
Coplans, Myer I9IO Influences affecting the growth of 
microorganisms - latency:inhibition:mass action. J. 
Path. Bacteriol. 14:1-27. 
Dagley, S., E. A. Dawes and G. A. Morrison 1950 Factors 
influencing the early phases of growth of Aerobacter 
aerogenes. J. Gen. Microbiol. 4:437-447» 
Dagley, S., E. A. Dawes and G. A. Morrison 1951 The effect 
of aeration on the growth of Aerobacter aerogenes and 
Escherichia coll with reference to the Pasteur mechanism. 
J. Bacteriol. 61:433-441» 
88 
Davis, B. D. and E. S. Mingioli 1950 Mutants of Escherichia 
coll requiring methionine or vitamin Bi2• J. Bacteriol. 
5Ô7Ï7-28. 
Ecker, R. E. and W. R. Lockhart 1959& A rpaid membrane 
filter method for direct counts of microorganisms from 
small samples. J. Bacteriol. 77:173-176. 
Ecker, R. E. and W. R. Lockhart 1959% Calibration of 
laboratory aeration apparatus. Appl. Microbiol. 
7:102-105. 
Ecker, R. E and W. R. Lockhart 1961 A theoretical basis 
for laboratory aeration. Appl. Microbiol. In press. 
Finn, R. K. 1954 Accounting for periodicities in biology. 
Bull. Math. Biophys. lb:181-182. 
Finn, R. K. 1955 Measurements of lag. J. Bacteriol. 70:352-
353. 
Fowler, C. B. 1951 The relationship between fermentation 
and enzymatic adaptation. Biochim. et Biophys. Acta. 
7:563-573. 
Gray, J. 1928 The kinetics of growth. Brit. J. Exptl. 
Biol. 6:248-274. 
Henrici, A. T. I928 Morphologic variation and the rate of 
growth of bacteria. C. C. Thomas, Springfield, 111. 
Herrington, B. L. 1935 A note regarding the lag period. 
J. Bacteriol. 28:177-179» 
Hershey, A. D. 1938 Factors limiting bacterial growth. 
II. Growth without lag in Bacterium coli cultures. 
Proc. Soc. Exptl. Biol. Med. 38:127-128. 
Hershey, A. D. 1939a Factors limiting bacterial growth. 
IV. The age of parent culture and the rate of growth 
of transplants of Escherichia coli. J. Bacteriol. 
37:285-299. 
Hershey, A. D. 1939b Factors limiting bacterial growth. 
VI. Equations describing the early period of increase. 
J. Gen. Physiol. 23:11-19» 
89 
Hershey, A. D. and J. Bronfenbrenner 1937 On factors 
limiting bacterial growth. Proc. Soc. Exptl. Biol. 
Med. 36:556-561. 
Hershey, A. D. and J. Bronfenbrenner 1938 Factors limiting 
bacterial growth. III. Cell size and "physiologic 
youth" in Baèterium coli cultures. J. Gen. Physiol. 
21:721-728. 
Hinshelwood, C. N. 1946 The chemical kinetics of the 
bacterial cell. Oxford University Press, London. 
Ingraham, Mary A. 1933 The bacteriostatic action of gentian 
violet and its dependence on the oxidation-reduction 
potential. J. Bacteriol. 26:573-598. 
Kavanaugh, A. J. and 0. W. Richards 1934 The autocatalytic 
growth curve. Amer. Nat. 68:54-59» 
Lane-Claypon, Janet E» I909 Multiplication of bacteria and 
the influence of temperature and some other conditions 
thereon. J. Hyg. 9:239-248. 
Leddingham, J. C. G. and W.J. Penfold 1914 Mathematical 
analysis of the lag-phase in bacterial growth. J. 
Hyg. 14:242-260. 
Lockhart, W. R. 1959 Use of microorganisms for studies of 
growth and morphogenesis. Bacteriol. Revs. 23:8-17. 
Lockhart, W. R. i960 Measurement of generation lag. Can. 
J. Microbiol. 6:381-382. 
Lockhart, W. R. and R. E. Ecker 1958 Apparatus for inde­
pendent control of aeration rates in a series of 
cultures. Appl.'Microbiol. 6:93-96. 
Lockhart, W. R. and D. Me Powelson 1953 Staling in bacterial 
cultures. J. Bacteriol. 65:293-296. 
Lockhart, W. R. and D. M. Powelson 1954 Control of cell 
division in bacterial cultures. J. Cell. Comp. Physiol. 
44:177-189. 
Lodge, R. M. and C. N. Hinshelwood 1943 Physiocochemical 
aspects of bacterial growth. IX. The lag phase of 
Bact. lactis aerogenes. J. Chem. Soc. London. 
191+3:213-219. 
90 
Loveless, L. E., Edward Spoerl and T. H. Weisman 1954 A 
survey of effects of chemicals on division and growth 
of yeast and Escherichia coll. J. Bacteriol. 68:637-
644. 
Lowry, 0. H., N. J « Rosebrough, A. L. Parr and R. J. Randall 
1951 Protein measurement with the Folin phenol reagent. 
J. Biol. Chem. 193:265-275. 
Marha, K. and J. Miller 1956 Hodnocenl' rustovych krivek 
Escherichia coli. Ceskoslovenska' Mikrobiol. 1:135-138. 
M'Kendrick, A. G. and M. Kesava Pal 1911 The rate of 
multiplication of micro-organisms : a mathematical 
study. Proc. Roy. Soc. Edin. 31:649-655* 
Monod, J. 1942 Recherches sur la croissance des cultures 
bactériennes. Hermann and Cie, Paris. 
Monod, J. 1949 The growth of bacterial cultures. Ann. 
Revs. Microbiol. 3:371-394* 
Mueller, J. H. 1939 An unidentified growth factor for 
certain strains of the diphtheria bacillus. Proc. 
Soc. Exptl. Biol. Med. 4°'632-633. 
Nabbut, N. H. and C. E. Lankford i960 Endogenous cell 
division stimulants of Bacillus. Bacteriol. Proc. 
60:56. 
Niss, H. 1957 Nitrogen metabolism in Hansenula anomala. 
Unpublished Ph.D. Thesis. Library, Purdue University, 
Lafayette, Ind. 
Pearl, R. 1925 The biology of population growth. Knopf, 
New York. 
Peeler, H. T., L. C. Norris, Betty Brown and Diana Cameron 
1951 A growth-s timulating factor for Lactobacillus 
leichmannii. J. Biol. Chem. 88:75-82. 
Penfold, W. J. 1914 On the nature of bacterial lag. J. 
Hyg. 14:215-241. 
Reid, A. T. 1951 On the diffusion of metabolic intermediates. 
Bull. Math. Biophys. 13:31-37. 
Reid, A. T. 1953a Diffusion controlled reactions in meta­
bolizing systems. Arch. Biochem. Biophys. 43:4^6-423* 
91 
Reid, A. T. 1953b Note on the growth of bacterial popu­
lations. Bull® Math. Biophys. 14:313-316. 
Roberts, R. B., P. H. Abeison, D. B. Cowie, E. T. Bolton 
and R. J. Britten 1955 Studies of biosynthesis in 
Escherichia coli. Publication 60?, Carnegie Inst, of 
Wash., Washington, D. C. 
Robertson, T. B. 1921a Experimental studies on cellular 
multiplication. I. The multiplication of isolated 
infusoria. Blochem. J. 15:595-611. 
Robertson, T. B. 1921b Experimental studies on cellular 
multiplication. II. The influence of mutual contiguity 
upon reproductive rate and the part played therein by 
the "x-substance" in bacterised infusions which 
stimulates the multiplication of infusoria. Biochem. 
J. 15:612-619. 
Robertson, T. B. 1922 Reproduction in cell communities. 
J. Physiol. 56:4o4-i|12« 
Robertson, T. B. I923 The chemical basis of growth and 
senescence. J. B. Lippincott Co., Philadelphia. 
Robertson, T. B. 1924 The nature of the factors which 
determine the duration of the period of lag in cultures 
of infusoria. Austr. J. Exptl. Biol. Med. Sci. 1:105-
120. 
Slator, A. 1917 A note on the lag phase in the growth of 
micro-organisms. J. Hyg. l6:100-108. 
Squires, R. W. and S. E. Hartsell 1955 Measurement of 
relative lag time. J. Bacteriol. 69:226-22?. 
Taylor, H. E. 1954 The lag phase in the growth of yeast. 
Revs. Can. Biol. 13:144-169* 
Wade, H. E. 1952 Observations on the growth phases of 
Escherichia coli, American type "B." J. Gen. Microbiol. 
7:18-23. 
Walker, H. H. 1932 Carbon dioxide as a factor affecting lag 
in bacterial growth. Science. 76:602-604# 
Winslow, C. -E.A. and H.H. Walker 1939 The earlier phases 




The author wishes to express his appreciation to his 
major professor, Dr. W. R. Lockhart, whose judicious use 
of advice has promoted independence of thought with a 
solemn appreciation for the limitations of individual 
knowledge, to his committee and the members of the 
Bacteriology staff for their willing counsel, to his wife 
and family for their patience and understanding through 
years of frequent absence and to the National Science 
Foundation and the U. S. Public Health Service, without 




Definition of Terms 
C Concentration of limiting nutrient at any time. 
C0 Initial concentration of limiting nutrient, 
C ±  Concentration of rate limiting nutrient giving a 
growth rate one-half the maximum (equation (9!)• 
K Mass yield constant. 
K1 ..... Theoretical number of cells attainable from a 
single unit of nutrient (equation (13)). 
M Cell mass present at any time. 
M0 Amount of cell mass at inoculation. 
Mniax "** Maximum attainable cell mass. 
N ...... Number of cells present at any time. 
N0 Number of cells present at inoculation. 
N m a x  * M a x i m u m  a t t a i n a b l e  p o p u l a t i o n .  
R ...... Cellular growth rate at any time. 
Rm ..... Maximum cellular growth rate. 
s ...... Constant for the change in cell division efficiency (equation (13)). 
t Culture age. 
